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Abstract 
The authors developed the finite element method (FEM) for micropolar elastic solids and applied it to the problem of topology 
optimization. The weighted residual method and 8-node isoparameteric elements were employed for the FEM analysis. The solid 
isotropic material with penalization (SIMP) method and the gravity control function were employed in the optimization 
procedure. For the designing area, rectangular plates under several types of boundary conditions were analysed. In this analysis, 
the effects of the engineering material constants for micropolar elasticity, the coupling number N, which is related to stresses, and 
the characteristic length l, which is related to couple stresses, are researched. The optimal structures of micropolar materials are 
strongly influenced by material properties of bending. Though the optimal topologies of classical elastic solids are generally truss 
frames, those of micropolar materials are rigid frames, which are simple topologies. At the joint of members loaded moments, 
holes are more apt to appear in the optimization process for micropolar solids than classical solids, that is, optimal topologies 
becomes finer, in micropolar elasticity. Obtained results are determined by the tradeoff between simplification and refinement of 
structures. The proposed method could potentially solve the optimization problems of bio-materials such as bone tissue.
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1. Introduction 
Micropolar elasticity is one of the theories for materials with a substructure describing as a continuum, which can 
be applied to concrete with sand, liquid crystals with rigid molecules, bio-materials and so on. In classical elasticity, 
deformation modes of an infinitesimally small element are represented as the stretch and the shear. In micropolar 
elasticity, the mode of the bend is added to these two modes (see Fig.1), therefore bending and tensile properties of 
micropolar materials are independent of each other. 
In 2007, M. Rovati et. al. [1] reported, optimal topologies for micropolar solids, and pointed out that optimal 
structures depended on the material constants. The other approach was the structural optimization of cellular 
materials, for example, reported by J. Yan et. al. [2] in 2008. They reported that the stress concentration near a hole 
is significantly reduced in micropolar solids. The authors have developed the FEM based on micromechanics [3] 
and applied it to optimization problems [4]. In this paper, we apply the FEM for micropolar solids to the topology 
optimization, and numerically examine the optimal structures of micropolar solids.  
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Fig. 1. Deformation modes of infinitesimally small element in classical and micropolar elasticity. 
 
2. Formulation of Micropolar Elasticity 
2.1. Governing Equations of Micropolar Elasticity 
In Cosserat elasticity [5], the macro-displacement u  to describe deformations of a macro-element, and micro-
displacement ĳ  related to deformations of micro-elements in a macro-element are introduced. Two kinds of strains  
 and  are derived from  and ĳ  as follows: e uȖ
 
,                                      ,    (1) 
 
where we assume the symmetric part of ijI  is zero, the remainder, the anti-symmetric part can be expressed by the 
micro-rotation vector kI . On this assumption, materials are called as micropolar materials.  
The equilibrium equations for the anti-symmetric stress tensor  and the couple stress  satisfy  ijt ijm
 
                                                      ,      (2) 
 
where ijkH  denotes the permutation tensor. 
The constitutive equations for isotropic micropolar materials are derived as follows: 
 
,                                                              , (3) 
 
where O , P , , N D , E  and J  are material constants. In the case of two-dimensional problems, six material 
constants reduce to four constants such as Young’s modulus E, Poisson’s ratio Ȟ, the coupling parameter N and the 
characteristic length l. 
2.2. Finite Element Formulation for Micropolar Elasticity 
Putting macro-displacements and micro-rotations as the same category of displacements in formulation, the 
displacement vector is related to the displacement vectors ue and ĳ e at nodal points with shape the function N as 
follows: 
 
 
             .       (4) 
 
 
We employ eight-node quadrilateral elements and apply the weighted residual method, in formulation, to the 
equilibrium equations, Eq. (2). The stiffness equation obtained finally is similar in form to the conventional FEM as 
follows: 
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where           is the force and moment vector. The element stiffness matrix                                      for two-
dimensional problems takes the following form: 
> @ > mn @ > @ > @> @T,F M B D M Bc c c cK
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2.3. Strategy of topology optimization 
( ) ( )C l g u ĳTopology optimization is formulated as the minimization compliance   problem as follows: 
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 are, respectively, the internal virtual works of translational u  and rotational , as follows: where Ea  and Ra ĳ
 
                                                          ,                                                              .  (8) 
 
The Lagrangian function L is expressed as follows: 
 
. (9) 
 
where O  is the Lagrangian multiplier associated with the equality constraint and /  is multiplier associated with the 
inequalities. To modify the conventional SIMP method, we relate material stiffness tensors  and   to the 
material density 
ijklE ijklR
( )xU  as follows: 
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where p and q are penalty coefficients,         and        , are the constitutive tensors of the base material. 
The gravity control function G is introduced for filtering the checkerboard structure as follows [6]: 
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where N and mi denote the total number of the finite elements and the number of neighbour elements of the i-th 
element, respectively. When the value of G increases, the density of the macrostructure is concentrated (filtering 
checkerboard). 
3. Numerical results 
3.1. Boundary conditions 
The rectangular areas (x = 0.5 [m], y = 0.2 [m], 5760 elements) are considered under the following four boundary 
conditions; (1)cantilever bended by the concentrated load, (2)cantilever bended by distributed loads, (3)plate loaded 
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by shearing traction on top end, (4)plate loaded by compression on top end (see Fig. 2(a)-(d), respectively). Putting 
Young’s modulus E = 1 [Pa], constrained volume 30[%], we employ penalty coefficients in SIMP, p = 2.0, q = 2.0, 
and damping factor ȟ = 0.3, in the optimizing process. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 2. Boundary conditions of optimizing problems 
3.2. Optimal topologies 
Bending problems of a cantilever shown in Fig.2(a) are solved, and Figs.3 show the distribution of density, that is, 
optimal topologies are demonstrated by high density areas. The optimal topologies of classical elastic solids are 
truss frames (see Fig.3(a)). The optimal topologies of micropolar materials are rigid frames. The higher bending 
rigidity J  forms the larger vacant area in structures (see Fig.3(b)-(d)). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig.3. Optimal topologies of bended cantilever (Ȟ = 0.3) 
(b) cantilever bended by distributed loads 
(c) plate loaded by shearing traction on top end 
(a) cantilever bended by concentrated load 
(d) plate loaded by compression on top end 
(a) classical solid ( N = 0.0䋬 J  = 0)  
(c) micropolar solid ( N = 0.1䋬 J  = 5.0E-5)  
(b) microploar solid ( N = 0.1䋬 J  =1.0 E-5)  
(d) micropolar solid ( N = 0.1䋬 J  = 1.0E-4)  
density 
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Fig. 4. Optimal topologies 
 
In the case of two-dimensional elastic problems under traction boundary conditions, stress distributions do not 
depend on material constants. Consequently the optimal topologies are independent of material constants. We fix 
ends of a structure (u = 0) in our analysis, that is, displacement and traction boundary conditions are assumed. In 
positive Poisson’s ratio, the effect of Poisson’s ratio is small in conventional optimization simulation of classical 
solids. Since directions of restriction at fixed ends of negative Poisson’s ratio solids are opposite to positive ones, 
there is a possibility that optimal topologies of negative Poisson’s solids are different from positive ones. 
4. Disscussions 
In the iterative optimizing process, one-dimensional members appear all over the designed area, and then frame 
structures are formed. Since a member bended by neighboring ones as shown in Fig. 5 (bended beam) includes the 
inefficient layer near the neutral plane, the optimal structure become truss structures of which members are loaded 
(a) classical solid ( N = 0.0, J  = 0.0, Ȟ = 0.3) 
lem shown in Fig.2 (b) 
(b) micropolar solid ( N = 0.1, J
bending prob
  = 1.0E-4, Ȟ = 0.3) 
bending problem shown in Fig.2 (b) 
(c) micropolar solid ( N = 0.1, J  = 1.0E-2, Ȟ = 0.3) 
bending problem shown in Fig.2 (b) 
(d) micropolar solid ( N = 0.1, J  = 1.0E-2, Ȟ = -0.99) 
bending problem shown in Fig.2 (b) 
(e) classical solid ( N = 0.0, J  = 0.0, Ȟ = 0.3) 
shearing problem shown in Fig.2 (c) 
(f) micropolar solid ( N = 0.1, J  = 1.0E-3, Ȟ = 0.3) 
shearing problem shown in Fig.2 (c) 
(g) classical solid ( N = 0.0, J  = 0.0, Ȟ = 0.3) 
compression problem shown in Fig.2 (d) 
(h) micropolar solid ( N = 0.1, J  = 1.0E-2, Ȟ = 0.3) 
compression problem shown in Fig.2 (d) 
density 
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only by axial force. Since we can assume that the rigidity of bending in micropolr elasticity is greater than in 
classical elasticity, members of optimal structures in micropolar elasticity can support bending moments. That is, 
optimal structures become simpler. 
A joint area is shown in Fig. 5 (joint loaded by moments). The inefficient domain near the center of moments is 
included; therefore, the hole is apt to be formed at the center of a joint.  That is, the optimal structures of micropolar 
solids become finer and complex than classical solids. 
The tradeoff between abovementioned two properties of micropolar solids depends on boundary conditions and 
material properties (compare Figs.3 and 4 (d)). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
bended beam tensed and compressed rods 
joint loaded by moments joint with hole
(a) simple topologies (b) fine topologies
Fig. 5. Change of topologies by moments 
5. Conclusions 
To analyze the problems of topology optimization for micropolar solids, the FEM and the SIMP method were 
extended to micropolar elasticity. Since the checkerboard structures are more apt to appear in the optimization 
process for micropolar solids than in classical elasticity, filtering (the gravity control function in this paper) or other 
techniques are required to obtain practical solutions. 
When the tension or compression is loaded on the whole of the structure, optimal structures of classical solids are 
similar to those of micropolar. When the bending is loaded on the whole of the structure, optimal structures of 
classical solids are truss frames, and optimal structures of micropolar solids are rigid frames of which topologies 
strongly depend on material properties of the bending. 
Comparing the optimal structures of micropolar solids and classical solids, the change of topologies to finer or to 
simple, depends on the boundary conditions and material properties of the bending. 
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